In this paper, we consider the Dirichlet problem at infinity for harmonic maps between the Poincaré model D of the hyperbolic plane H2 , and solve this when given boundary data are C4 immersions of £>(oo), the boundary at infinity of D , to D(oo). Also, we present a construction of nonconformal harmonic diffeomorphisms of D , and give a complete description of the boundary behavior, including their first derivatives.
Introduction
Not much is known about nonconformal harmonic diffeomorphisms of D, the Poincaré model of the hyperbolic plane H2 of constant negative curvature. A class of these harmonic maps can be obtained by lifting to the universal covers the harmonic diffeomorphisms between closed Riemannian 2-manifolds of constant negative curvature with different conformai structures [13, 18] . Another class is given by the Gauss maps of entire spacelike nonumbilical constant mean curvature surfaces in the Minkowski 3-space. L3, provided these surfaces are conformally equivalent to the unit disk and their lightlike sets coincide with the unit circle [8, 20] . In this respect, Choi and Treibergs [7] constructed an explicit one-parameter family of nonconformal harmonic diffeomorphisms of D, each of which is realized as the Gauss map of an entire spacelike constant mean curvature surface of revolution in L3, and describes completely their boundary behavior (see also Li and Tam [16] ).
Motivated by these results we shall consider a Dirichlet problem, the asymptotic Dirichlet problem, for harmonic maps between D with C° boundary data from D(oo), the boundary at infinity of D, to D(oo). In this problem when constructing harmonic maps between D with unbounded image, a main technical difficulty arises in obtaining a priori growth estimates for them. However, we will prove in §3 that this difficulty can be resolved under a suitable assumption on the boundary data, and then this asymptotic Dirichlet problem can be solved. In our construction of harmonic maps between D, we first construct a suitable barrier map at the boundary D(oo) for each boundary map which is assumed to be a C4 immersion between D(oc). Then a priori growth estimates will be established in Lemma 5 with the aid of their barrier maps. In the course of proof we also present a construction of nonconformal harmonic diffeomorphisms of D, and give a complete description of the boundary behavior, including their first derivatives. We would like to point out that using the heat flow method, a general theory for the existence of harmonic maps with bounded energy density between complete noncompact manifolds was developed by Li and Tarn [15] . Applying this result to the Poincaré model Dm of the hyperbolic w-space Hm , they also solved independently the asymptotic Dirichlet problem from Dm to Dn (for all m, n > 2) when given boundary data are C3 maps of Dm(<x) to Dn(oo) with nonvanishing energy density. Recently, they [16] also obtained two fundamental results for uniqueness and regularity properties of proper harmonic maps from Dm to D" . In particular, the above smoothness assumption on the boundary data can be relaxed from C3 to C1 Q (0 < a < 1) (for further developments see [21] ).
As an application of our method, we shall construct, in §5, entire spacelike constant mean curvature surfaces M in L3, whose Gauss maps are harmonic diffeomorphisms of M to H2 with C4 diffeomorphisms <p: Sx (~ M(oo)) -> Sx (~ H2(oo)) as prescribed boundary data. This is a converse of the result proved in Choi and Treibergs [7, 8] .
Finally, we would like to mention some other related results for harmonic maps. Aviles, Choi, and Micallef [6] and the author [2] proved independently that the asymptotic Dirichlet problem from a strictly negatively curved Hadamard manifold M to a Hadamard manifold N can be solved uniquely for each C° boundary data from M(oo), the boundary at infinity of M, into TV. On the other hand, nonexistence results for harmonic maps from Euclidean m-space Rm to a Hadamard manifold of negative sectional curvature bounded away from zero can be seen in Tachikawa and the author [4, 19] .
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Preliminaries and statement of main results
Let M be a Hadamard «-manifold. The boundary at infinity or the Eberlein-O'Neill boundary M (oo) of M is defined to be the set of all asymptotic classes of geodesic rays in M ; two rays yx and y2 are asymptotic if distm(yi(t), y2(t)) is bounded for all / > 0. One can define on M := M U M(oo) a natural topology, the cone topology of M, with respect to which the triple (M, M, M (oo)) is identified topologically with the Euclidean triple (B , Bn , S"~x), where B" = {x £ Rn+X ; |x| < 1} and S"'1 = dB" (see [9] for details). Note that there exists no natural (i.e., independent of each pole o £ M) smooth structure on M(oc) except when M = H" (see [5] ).
The Poincaré model D of the hyperbolic plane H2 is by definition the unit disk B in the complex plane C equipped with the metric
where z = xx + ix2 is the canonical global coordinate of C. Throughout this paper,_we always denote by z = xx + ix2 the global coordinate on D as well as B (the closure of B in C), and regard D as a Riemann surface by z. Also, we often regard B as a Riemannian 2-manifold with boundary Let Ii = (Zi, g) and Z2 = (£2, h) be oriented Riemannian 2-manifolds. Let (yx, y2) and (ux, u2) denote isothermal coordinates on Zi and Z2 respectively, by which g and h are expressed locally as
where w = yx + iy2 and w = ux + iu2. A C2 map m: Zi -» Z2 is a «ar-mo222C map if «(tt>), the representation of u in these coordinates, satisfies the following system of equations: 
Proofs of Theorems 1 and 2
We first note the following lemma, which is an easy consequence of (2.3).
Lemma 1 (cf. [13] ). Let Zi, Z2, and Z3 be oriented Riemannian 2-manifolds. Suppose that u: Z2 -> Z3 is a harmonic map. If v: Z( -> Z2 is a conformai map, then the composition u o v : Zi -► Z3 is also a harmonic map.
On account of Lemma 1, we can reduce the proofs of Theorems 1 and 2 to the following. be a harmonic map with up\S\ = p • <p (cf. [13] ). Associated with <p , we will first construct a barrier map (or an approximation) O: B -► B (~ D) at the boundary Sx ; O needs to satisfy the boundary conditions 3>|5i = q> and the inequality (3.11) in Lemma 4 below. Then from these properties and a priori gradient estimates for harmonic maps in [14] , we will prove that a subsequence {upj}jeN of {Up}o<p<i converges to a harmonic map u: B -> D such that u\Si = <p. Now, we shall prove Theorem 1' by a series of lemmas. Note that, without loss of generality, we may assume deg(y>) > 0 throughout this section. Let 6:I-»1 denote a C4 diffeomorphism which satisfies <p(e'e) = e'e^ .
Lemma 2. Let "Vx be a neighborhood of Sx in C. Define a C2 map tp = <px +i(p2:Tx^C by
for all z = rew £ 2^f, where prime denotes differentiation with respect to 6.
Then the following hold. iqwW°^c-where C2 is a constant depending only on <p. Hence we obtain the estimate (3.7).
Lemma 4. For each p (0 < p < 1) for all z £ B and p (0 < p < 1 ) we have
where
Proof. It follows from (3.11) that
which implies (3.12). On the other hand, by the law of cosines of geodesic triangles in D we get
which, together with (3.11), then implies (3.13).
Lemma 6. For each k (0 < k < 1), there exists a constant I = l(k, tp) (0 < / < 1 ) such that (3.14) up(Bk)c.B, for all p (0 < p < 1).
Proof. First it follows from (3.3) and (3.6) that there exists a constant Iq (0 < ¡o < 1) such that where lx = lx(k, tp) (0 < lx < 1). Then it follows from a priori gradient estimates for harmonic maps in [13, 14] that for all p (0 < p < 1) sup \\dup(z)\\ < C sup ^o(up(zx),u(z2)) z2 e B Then it also follows from (3.17) and a priori C2 ■ "-estimates in [13, 14] that for each a (0 < a < 1)
for all /? (0 < p < 1), where C3 = C3(a,k,lx). Once these are established, it follows from (3.14), (3.18) and the AscoliArzelá theorem that there exist a subsequence {uPj}jen of {Up}o<p<i and a harmonic map u £ C2(B, D) such that on every compact subset of B, uPj converges to u in the C2 topology. The harmonicity of u then implies u £
C°°(B,D).
Put u(z) = R(z)ei'u^u^z^ for z £ B, where R(z) = \u(z)\. From (3.11)-(3.13) the following then holds for u. Lemma 7 . For all z £ B we have (3.19) dist0(M(z),<Kz))<iC,,
where K(z) = min{L(z), R(z)}. where ^"(z0, e) = {z 6 B; \z -z0\ < e}. It then follows from (3.19), (3.22), and (3.23) that u(W(z0,e)) c T. This implies that limz_Zo u(z) = <p(z0).
Since z0 e S1 is arbitrary, u\s¡ = <p .
Lemma 9. u is holomorphic if and only if (p is conformai.
Proof. We first assume that <p is conformai. Since de%(<p) > 0 by assumption, there exists, by the argument principle, a holomorphic map f of B onto B (~ D) such that f\s¡ = tp. It then follows from the uniqueness of up that Up = p • / for all p (0 < p < 1). Hence u = f.
Next, we assume that u is holomorphic. Since u\s¡ = <p , u has only finitely many zeros zx, ... , z" in B . By the Poisson-Jensen formula (cf. [1] ), we then obtain >°8|»<^n(^f)|=¿f^(^)'°6i^)i^. for all p (0<p<l), where 0 < a < 1 . Combining (3.3) and (3.6) with (3.12), it is verified that for each k (0 < px < k < 1), there exist constants /, /' and /93 (0 < p3 < 1, 0 </</'< 1) such that 
-lzol
Let Ba(zo) denote the open geodesic ball {z £ D; distrj(z, z0) < a} . We shall estimate Ba(zo) from the outside by a truncated cone. Let rx = fi(lzol), r2 = r2{\zo\), and £ = Z(zo) (0 < Ç < n/2) be constants satisfying 0 < 21! < \z0\ < r2 < 1, We now obtain from (3.19), (4.5), and (4.13) that (4.14) u(Ba(z0)) c Bx+Cl/2(u(z0)).
It is verified from (4.14) and a priori gradient estimates for harmonic maps (Theorem 6.1 in [13] ) that Let ki = kx(\zo\), k2 = 2C2(|zo|), and n = n(zo) (0 < 27 < n/2) be constants satisfying Since r53 is independent of zo, we obtain (4.37) (i-"[J(*i)|a) (J(u))(z)>o-ïl>0 for z£D.
Combining (4.37) with (3.20) and (4.6) then implies
This completes the proof of Proposition 2.
Entire spacelike constant mean curvature surfaces in L3
In this section, applying Theorem 2' together with Proposition 1 and Remark 4 to the representation formula for spacelike surfaces in L3 [3] , we shall construct entire spacelike constant mean curvature surfaces M in L3, whose Gauss maps are harmonic diffeomorphisms of M to H2 with C4 diffeomorphisms q>: Sx (~ Af(oo)) -» Sx (~ H2(oo)) as prescribed boundary data.
We first review briefly relevant facts on Gauss maps of spacelike surfaces in L3. The Minkowski 3-space L3 is M3 equipped with Lorentzian metric ds2 = dx2 + dy2 -dz2. The upper hyperboloid H2 = {(x ,y,z)£l?; x2 + y2 -z2 = -1, z > 0} of future-directed unit timelike vectors in L3 is the hyperbolic plane with respect to the induced metric. The map 3" of H2 onto D defined by 3»:(x,y,z) Vl + z' l + zj is an isometry. An immersed surface M in L3 whose induced metric is Riemannian is called spacelike. The future-directed unit normal vectors of M defines the Gauss map G: M -> H2. We shall also call the composition oG:M-»D the Gauss map of M. The Gauss map of M is harmonic if and only if the mean curvature of M is constant [17] .
With these understood, we prove (1) u\s, =<p. 
